The spaces of curvature tensors for holonomy algebras of 

Lorentzian manifolds 



Anton S. Galaev * 
Institut fiir Mathematik, Humboldt-Universitat zu Berlin 
Sitz: Rudower Chaussee 25, 10099, Berlin, Germany 

February 1, 2008 



Abstract 

The holonomy algebra Q of an indecomposable Lorentzian (n+2)-dimensional manifold 
M is a weakly-irreducible subalgebra of the Lorentzian algebra soi^n+i- L- Berard Bergery 
and A. Ikemakhen divided weakly-irreducible not irreducible subalgebras into 4 types and 
associated with each such subalgebra g a subalgebra i) C so„ of the orthogonal Lie algebra. 
We give a description of the spaces 7^(0) of the curvature tensors for algebras of each type 
in terms of the space 7^(1)) of f)-valued 1-forms on M" that satisfy the Bianchi identity 
and reduce the classification of the holonomy algebras of Lorentzian manifolds to the 
classification of irreducible subalgebras f) of so{n) with L{V{i))) = i). We prove that for 
n < 9 any such subalgebra f) is the holonomy algebra of a Riemannian manifold. This 
gives a classification of the holonomy algebras for Lorentzian manifolds M of dimension 
< 11. 
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Introduction 

The connected irreducible holonomy groups of pseudo-Riemannian manifolds have been clas- 
sified by M. Berger, see The classification problem for not irreducible holonomy groups is 
still open. The main difficulty is that the holonomy group can preserve an isotropic subspace 
of the tangent space. 

*EMail: galaevSmathemat ik . hu-berlin . de 
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We tackle the classification problem for the holonomy algebras of Lorentzian manifolds, 
i.e. the Lie algebras of the holonomy groups. There are some partial results in this direction 
(see jH in CD] ) • In [3] the classification of holonomy algebras for 4-dimensional Lorentzian 
manifolds was given. 

Wu's theorem (see ^3]) reduces the classification problem for holonomy algebras to the clas- 
sification of weakly-irreducible holonomy algebras (i.e. algebras that preserve no nondegenerate 
proper subspace of the tangent space). 

If a holonomy algebra is irreducible, then it is weakly- irreducible. The Berger list (|5|) of 
irreducible holonomy algebras of pseudo-Riemannian manifolds shows that the only irreducible 
holonomy algebra of Lorentzian manifolds is so(l,m — 1), see also |12j . 

We study weakly-irreducible holonomy algebras that are not irreducible. 

Let (V, f]) be an (n + 2)-dimensional Minkowski vector space, where ?7 is a metric of signature 
(1, n+ 1). Using rj we identify the space V with the dual space V*. Then the Lorentzian algebra 
so(y) is identified with the space V AV of bivectors. Denote by so(y)up the subalgebra of 
so(y) that preserves an isotropic line Mp, where p E V. Denote hj E a vector subspace E G V 
such that (Mp)-'-'' = MpQE. The vector space E is an Euclidean space with respect to the inner 
product —tiIe- Denote by q an isotropic vector q E V such that ri{q,E) = and rj{p,q) = 1. 
We have 

so(V)kp = RpAq + pAE+ so{E). 

Any weakly-irreducible and not irreducible subalgebra of so{V) is conjugated to a subalgebra 
g of 5o{V)Rp. We denote by f)^ the projection of such subalgebra g to so{E) with respect to 
the above decomposition and call 1)^ the orthogonal part of the Lie algebra g. 
Conversely, for any subalgebra f) C so{E) we construct two Lie algebras 

Q\ = RpAq + i)+pAE 

and 

Ql = i)+pAE 

with the orthogonal part f). Moreover, if the center 3(f)) of f) is non-trivial, then any non-zero 
linear map 

defines the Lie algebra 

03^''^ = pAE + {A + ip{A)p Aq: A e i)} 

with the orthogonal part f). Here (f is considered as the linear map (y9:F)=3([))©[)'— *M that 
vanishes on the commutant ()' of f). 

Suppose moreover that the subalgebra f) C so{E) acts trivially on a subspace Eq 7^ {0}, 
such that we can consider f) as a subalgebra of 50 (Ei), where E = Eq Q) Ei is the orthogonal 
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decomposition. Then any surjective linear map 

extended to i) by ip{i)') = defines the Lie algebra 

g^''^ =pAEi + {A + pA ij{A) : Ael)} 

with the orthogonal part f). We call Lie algebras Q^, 02, fls'*^ and 34''^ with the orthogonal part 
f) C so{E) the algebras of type 1,2,3 and 4 respectively. 

These Lie algebras were considered by L. Berard Bergery and A. Ikemakhen who proved 
that the Lie algebras of the form q\, 02, 03'''', and exhaust all weakly-irreducible subalgebras 
of 5o{V)]s,p (theorem 1). The other result is that the orthogonal part of the holonomy algebra of 
a Lorentzian manifold satisfies a Borel-Lichnerowicz-type decomposition property (theorem 2). 

Remark. Note that the Lie algebra so{V)up = Aq + p A E + so{E) is isomorphic to the 
tangent Lie algebra for the Lie group Simi? of similarity transformations of E, the elements 
XpAq and p Am correspond to the homothetic transformation v ^ Xv and to the shift v ^ v + u 
respectively, here A G M and u,v & E. In another paper we will give a geometrical interpretation 
to the result of L. Berard Bergery and A. Ikemakhen. 

Let C so{V)m.p be a subalgebra. Recall that the space of curvature tensors of type is 
defined as the space 7^(0) of 0-valued 2-forms on V that satisfy the Bianchi identity. We denote 
by 

L{n{Q)) = span({i?(M Av) : Re R{q), u,v e V}) 

the vector subspace of spanned by curvature operators from 7^(0). If is the holonomy 
algebra of an indecomposable Lorentzian manifold, then 

Line)) = 0. (*) 

A weakly-irreducible subalgebra C so{V)]s^p that satisfies (*) is called a Berger algebra. 

In this paper we give a description of the spaces 7^(0) of curvature tensors for weakly- 
irreducible subalgebras C so(y)]Rp of each type in terms of the orthogonal part P)^ C 5o{E) 
and we reduce the classification of Berger algebras to the classification of irreducible subalgebras 
f) C so{E) that satisfy some conditions (weak-Berger algebras). 

More precisely, for any subalgebra f) C so{E) we define the space 

V{i)) = {P e Hom(£', f)) : r]{P{u)v, w) + r]{P{v)w, u) + r]{P{w)u, v) = for all u,v,w e E} 
of f)-valued 1-forms on E that satisfy the Bianchi identity and denote by 

L{VH))) = span({P(M) : P G VH)), u G E}) 
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the vector subspace of i) spanned by tensors P e We call the space of weak-curvature 

tensors of type \j. 

A subalgebra f) C so{E) is called a weak-Berger algebra if L{V{i))) — l). 

We give a description of the spaces of curvature tensors TZ{q) for algebras of each type 
associated with a given orthogonal part 1^ C so{E) in terms of the space V{i)) of weak-curvature 
tensors (theorem 3). 

Corollary 1 shows that a weakly-irreducible subalgebra g C so{V)-^p is a Berger algebra iffi)° 
is a weak-Berger algebra. 

Note that the direct sum l^i ® f)2 C so(-E'i) ® so{E2) of two weak-Berger algebras i)i C 
so{Ei),i = 1, 2 is a weak-Berger algebra. 

In part (I) of theorem 4 we prove that 
if a subalgebra [) C 5o{E) is a weak-Berger algebra, then there exists an orthogonal decomposition 
E = Eq Q) El Q) ■ ■ ■ (S Er and the corresponding decomposition into the direct sum of ideals 
f) = {0} © [)i © [)2 © ■ ■ ■ © f)r such that i)i{Ej) = ifi^j, f)i C so{Ei), and acts irreducibly 
on Ei. This result is stronger than theorem 2, without this it was necessary to suppose that a 
Berger algebra satisfies the conclusion of theorem 2. My attention to this statement was taken 
by A.J. Di Scala. 

Part (II) of theorem 4 states that if i) C 5o{E) is a weak-Berger algebra, then we have 

This implies that f)i is a weak-Berger algebra for i — 1, ...,k. 

Thus the classification problem for the Berger algebras Q C so{V)m.p is reduced to the clas- 
sification of irreducible weak-Berger algebras 1^ C so{E). 

We prove that ifi)C so{E) is the holonomy algebra of a Riemannian manifold, then it is a 
weak-Berger algebra. 

Using theory of representation of compact Lie algebras, we prove the converse statement 
in the case when dim£' < 9. Theorem 5 states that if dim V < 11, then a weakly-irreducible 
subalgebra Q C so{V)^p is a Berger algebra iff the algebra i)^ is the holonomy algebra of a 
Riemannian manifold. This gives a classification of Berger algebras for Lorentzian manifolds 
of dimension < 11, which can be stated in the following way. 

Let no, 77-1, Ur be positive integers such that 2 < rii < • • • < and uq + hi-I — ■ + = n. 
Let [)j C 50„- be the holonomy algebra of an irreducible Riemannian manifold {i = l,...,r). 
The Lie algebras of the form f) = [)i © ■ ■ ■ © f)r exhaust all weak-Berger subalgcbras of so„. The 
Lie algebras of the form g\, g^j Ss''^ ^iid g\^ (if 03''^ and g\^ exist) exhaust all Berger algebras 
for Lorentzian manifolds of dimension n + 2. Note that for each n > 1 there exists infinite 
number of weakly-irreducible Berger subalgebras of so{V)Kp. 

The full list of irreducible holonomy algebras of Riemannian manifolds of dimension < 9 is 
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given in the table below. In the table ® stands for the tensor product of representations; ® 
stands for the highest irreducible component of the corresponding product. 



n 


Irreducible weak-Berger subalgebras of so„ 


n = 1 




n = 2 


SO2 


n = 3 




n = 4 


SO4, SU2, U2 


n = 5 


SO5, 0^303 


n = 6 


soe, 5U3, Us 


n = 7 


SO7, 02 


n = 8 


SOs, 3U4, U4, Sp2, Sp2 ®Spi, ^^SOs 50s, ^^SUs 


n = 9 


SO9, SOs ® 50s 



Recall that the holonomy group of an indecomposable Lorentzian manifold can be not closed. 
In jl] it was shown that the connected Lie subgroups of SOi^n+i corresponding to Lie algebras 
of type 1 and 2 are closed; the connected Lie subgroup of SOi^n+i corresponding to a Lie 
algebra of type 3 (resp. 4) is closed if and only if the connected subgroup of so„ corresponding 
to the subalgebra keryj C 3(f)) (resp. kerip C 3(f))) is closed. We give a criteria for Lie groups 
corresponding to Lie algebras of type 3 and 4 to be closed in terms of the Lie algebras kenp 
and ker tp. 

Let f) C sOn be a weak-Berger algebra such that 3(f)) 7^ {0}. We have f) = P)i© - • -©Pir, where 
f)j are irreducible weak-Berger algebras. We see that 3(f)) = 3([)i)©- ■ ■©3(f)r) and dim3({)j) = 
or 1, i = 1, ...,r. Hence we can identify 3(f)) with R"^, where m = dim^{i)). 

We prove that 

the connected Lie group corresponding to a Lie algebra of type 3 (resp. 4) closed if and only if 
there exists a basis vi,...,vi (I = dim ker or dim ker t/;^ of the vector space keryj (resp. keiip) 
such that the coordinates of the vector Vi with respect to the canonical basis of M™" are integer 
fori = 

Remark. Recently Thomas Leistner proved that a subalgebra f) C so{E) is a weak-Berger 
algebra iff [) is the holonomy algebra of a Riemannian manifold, see P| ITUl ITT]. 

From this result and corollary 1 it follows that a weakly-irreducible subalgebra g C so(V^)iRp 
is a Berger algebra iff i)^ is the holonomy algebra of a Riemannian manifold. 
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1 Preliminaries 



Let {V,ri) be a Minkowski space of dimension n + 2, where rj is a metric on V of signature 
(l,n + 1). We fix a basis p, Ci, ...,en,q of V such that the Gram matrix of r] has the form 
/ 1 ^ 

where is the n-dimensional identity matrix. 



-En 

1 

Let E C V he the vector subspace spanned by ei, We will consider E as an Euclidean 
space with the metric ^ijIe- 

Denote by so{V) the Lie algebra of all r^-skew symmetric endomorphisms of V and by So{V)rp 
the subalgebra of 5o{V) that preserves the line Mp. 

The algebra 5o{V)^p can be identified with the following matrix algebra: 

/ a X* \ 

: aeR, X eW, Ae so{n 



so(V)rp = 



v 



A X 
-a 



We identify the dual vector space V* with V using t]. Hence we can identify EndF = V<SiV* 
with V^V. In particular, we identify so{V) with VAV = span{{uAv = u®v—v®u : u,v & ^})- 
Similarly, we identify so{E) with E A E and consider 5o{E) as a subspace of so{V) that acts 
trivially on © Mg. 

^ a \ 

For a e M, the endomorphism ap A q has the matrix 



the endomorphism p A X has the matrix 



X* 
X 





-a 



e so{V)up; for X e E, 



J 



e so(y)Rp. Thus we see that 



so{V)^p — E A E + p A E + 'Rp Aq is a, direct sum of the subalgebras. 

Definition 1. A subalgebra g C 3o{V) is called irreducible if it preserves no proper subspace 
of V ; Q is called weakly-irreducible if it preserves no nondegenerate proper subspace ofV. 

Obviously, if C so{V) is irreducible, then it is weakly-irreducible. If 3 C so{V) preserves 
a degenerate proper subspace U G V, then it preserves the isotropic line Uf]U-^] any such 
algebra is conjugated to a subalgebra of so(l^)]Rp. 

Definition 2. Let W be a vector space and f C 0l(H^) a subalgebra. Put 

7^(f) = {i? e Hom(Vl^ ^W,f) : R{u A v)w + R{v A w)u + R{w Au)v^O for all u,v,w e W}. 

The set TZ{f) is called the space of curvature tensors of type f. Denote by L(TZ{f)) the vector 
subspace of f spanned by R{u A v) for all R e 7^(f), v G H^, 



L(7^(f)) = span({i?(ii Av):Re 7^(f), u,v e W}). 
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Let g C 5o{V) be a subalgebra. Recall that a curvature tensor R G 7?.(g) satisfies the 
following property 

r]{R{u A v)z, w) = rj{R{z A w)u^ v) for all m, v,z,w & V. (1) 

Let (M, (yf) be a Lorentzian manifold of dimension n + 2 and g the holonomy algebra (that 
is the Lie algebra of the holonomy group) at a point x. By Wu's theorem (see ^3]) {M,g) is 
locally indecomposable, i.e. is not locally a product of two pseudo-Riemannian manifolds if and 
only if the holonomy algebra g is weakly-irreducible. If the holonomy algebra g is irreducible 
, then g = so(l,n + 1). So we may assume that it is reducible and weakly-irreducible. Then 
it preserves an isotropic line i C T^M. We can identify the tangent space T^M with V such 
that i corresponds to the line Mp. Then g is identified with weakly-irreducible subalgebra of 
so{V)Rp. 

We need the following 

Proposition 1. Let g be the holonomy algebra of a Lorentzian manifold. Then 

mid)) = d- 

Proof. The inclusion L(7l{g)) C g is obvious. 

Let R be the curvature tensor of {M,g). Theorem of Ambrose and Singer (j2]) states that 
the vector space g is generated by all endomorphisms 

(r(A))-ioi?;,(,)(r(A)(X),r(A)(r))or(A) : T^M^T^M, 

where A : [a, 6] — M is a piecewise smooth curve in M such that A(a) = x, r(A) is the parallel 
transport along A, and X,Y E Tx(a)M. Obviously, the above transformations are curvature 
tensors of type g, hence, g C L(7^(g)). Thus, g = L{TZ{q)). □ 

Definition 3. A weakly -irreducible subalgebra g C so{y)^p is called a Berger algebra if 
L{n{Q)) = g. 

Definition 4. Let f) C so{E) be a subalgebra. Put 

V{i)) = {P e B.om{E, f)) : 'r]{P{u)v, w) + ri{P{v)w, u) + r]{P{w)u, v) = for all u,v,w e E}. 

We callV{[)) the space of weak- curvature tensors of type f). A subalgebra i) C so{E) is called a 
weak-Berger algebra if L{V{\))) = f), where 

L{V{i))) = span({P(M) : P G Vii)), u G E}) 

is the vector subspace of f) spanned by P{u) for all P G V{\)) and u & E. 

Let f) C 5o{E) be a subalgebra. Since f) is a compact Lie algebra, we have f) = f)' ©3(f)) (the 
direct sum of ideals), where f)' is the commutant of 1) and 3(1)) is the center of f). 
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Consider a weakly-irreducible subalgebra g C so(y)iRp. Let t)^ be the projection of g to 
so{E) with respect to the decomposition so(V")mp = so{E) + p A E + Mp A q. 
Definition 5. The Lie algebra f)^ is called the orthogonal part of Q. 
Conversely, with any subalgebra f) C so{E) we associate two Lie algebras 

Q\ = RpAq + [)+pAE 

and 

el = i)+pAE. 

Moreover, suppose 3(f)) 7^ {0}. Let 

be a non-zero linear map. Extend ip to the linear map (f : f) ^ M by putting <^|[,/ = 0. Then 

03^''^ = pAE + {A + ip{A)p Aq: A G ()} 

is a Lie algebra with the orthogonal part i). 

Suppose moreover that we have an orthogonal decomposition E = Eq® Ei such that 
-^0 7^ {0}, f) C so(Ei), and dim3({)) > dim^o- Let 

be a surjective linear map. As above, we extend io a. linear map if) : [) ^ Eq hy putting 
= 0. Then 

= pAEi + {A+pAi){A) : Ae\]} 

is a Lie algebra with the orthogonal part [). 

We call the Lie algebras gj, q^'^ and 04 the Lie algebras of type 1,2,3 and 4 respectively. 

These Lie algebras were considered by L. Berard Bergery and A. Ikemakhen, who proved 
the following fundamental results (see [3j). 

Theorem 1. Let f) C 5o{E) be a subalgebra. Then (if 03''^ and q^^"^ exist) the subalgebras 
fli) 02) 03^5 04^ <^ so(y)w^p are weakly-irreducible. Moreover, Lie algebras of the form qI, 02, 
03'"^ and g4''^ exhaust all weakly- irreducible subalgebras of so(V)]Rp. 

Theorem 2. Lei g 6e i/ie holonomy algebra of a Lorentzian manifold. Then there exists an 
orthogonal decomposition E = Eq® Ei® ■ ■ ■ ® E.^. and the corresponding decomposition into the 
direct sum of ideals f)^ = {0} © P)i © [)2 © • ■ ■ © f)r such that ^i{Ej) = if i ^ j, i)i C so{Ei), 
and f)j acts irreducibly on Ei. 

The metric rj on V induces the metrics on V" © and V AV. Denote those metrics hj rj^rj 
and rj Arj respectively. 
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Let 9 : V -^V he dJi endomorphism, u,v &V. Then r]{6{u),v) = ri^ri{6, u^v). In particular, 
for 6 E V AV we have 

7]{e{u),v) = 1/27] A r]{9,u A v). (2) 

Let R E TZ{g)- Combining ((1} and ((2)), we see that ■r]Ari{R{uAv), zAw) = 7]Ar]{R{zAw),uAv) 
for all M, f , z, w G V . This means that the linear map R : V AV ^ g C V AV is A //-symmetric. 

Let {El, /ii) and (£'2, be two Euclidean spaces. Let / : i?i — » i?2 be a linear map. Denote 
by /* : i?2 — ^ -El the dual linear map for /. We identify the symmetric square S'^{E) of E with 
the space of all ?7-symmetric endomorphisms of E. 

2 Main results 

Let f) C 5o{E) be a subalgebra. We will define some sets of endomorphisms, in theorem 3 we 
will see that those sets consist of the curvature tensors for appropriate algebras. 

For any A G M, L G Hom(£',]R), T G S'^{E) and P G ^(f)) we define the endomorphisms 

R^ G Hom(VAV,0]'), R^ G Hom(r A V, g?), i?^ G Hom(\/Al/, pAE) and R^ G Hom(yAV,0^) 

by conditions 

R^(p Aq) = XpAq, R\AE+gAE+EAE = 0, 

R^{q A ■) = A g, A g) = p A i?^|pAi?+i?Ai? = 0, 

R^{q A ■) = p A T(-), R'^ \RpAq+pAE+EAE = 

and 

i?^(g A ■) = P(-), ^''Uae = -l/2p A P\ R''Wpa,+pae = 0, 

and define by 

7^(M, M), 7^(E, M), 7^(E, and 7^(E, f)) 

respectively the vector spaces of all such endomorphisms. 

We have the isomorphisms 7^(M,M) ~ M, 7^(E,M) ~ E, TZ{E,E) ~ ^^(E) and Tl{E, [)) ~ 

Moreover, if a Lie algebra gg'*^ exists, then for any P G V{i)) we define the endomorphism 
R^ G Hom(y A V, gf'^) by conditions 

A •) = Pi-) + A q, R^'Ieae = -l/2p A P*, 

rP(p Aq) = -l/2p A P*(<^*(1)), R^'lpAE = 
and denote by 71{E, i), ip) the vector space of all such endomorphisms. 
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If a Lie algebra 04 exists, then for any P G V{^) we define the endomorphism G 
Hom(K A Qa"^) by conditions 

RP[q A ui) = P{ui) +pA ^{P{ui)) for all Ui G E^, R^\eae = -l/2p A P\ 

RP(q A uo) = -l/2p A P*{^*{uo)) for all Uq G Eq, R^Wp^q+p^E = 

and denote by TZ{Ei, f), tp) vector space of all such endomorphisms. 
We have the isomorphisms TZ{E, 1), (p) ~ 'P(f)) and 'R{Ei, f), ip) ^ 

Let g C so(\^)iRp be a weakly-irreducible subalgebra, f)^ be the orthogonal part of q and 
[) C be a subalgebra. Suppose R G 7?.(f)). Extend the linear map R : E /\ E ^ \) to the 
linear map R : V /\V ^ hy putting R^\M.phq+pAE+qhE = 0. It is obvious that R G 7^(g). We 
can write 7^(f)) C 7^(fl). 

Theorem 3. Lei f) C 5o{E) he a subalgebra. Then we have 

(I) 7^(0?) = nigl) © 7^(E, R) © 7^(M, M); 

(II) 7^(0^) = 7^(f)) © 7^(E, l^) © n{p a and TZ{p AE)= n{E, E); 

(III) if a Lie algebra g,^''^ exists, then 

R{qI'^) = 7^(ker ^) © n{E, f), (^) © 7^(p A ^); 

(IV) if a Lie algebra 04 ^ exists, then 

T^idl'^) = 7^(ker tP) © 7^(El, {), ^) © 7^(p A Ei). 

Remark. It is known (see |1.|) that the holonomy algebra of a weakly irreducible, non- 
irreducible locally symmetric Lorentzian manifold equals pAE = but this algebra can also 
be the holonomy algebra of a nonlocally symmetric Lorentzian manifold (see j7j). 

Corollary 1. Let g C so(y)^p be a weakly-irreducible subalgebra. Then q is a Berger algebra 
if and only if f)^ is a weak-Berger algebra. 

Corollary 2. Let q C so{V)up be a weakly-irreducible subalgebra such that i)^ is the holonomy 
algebra of a Riemannian manifold. Then Q is a Berger algebra. 

Theorem 4. Let i) C 5o{E) be a weak-Berger algebra. Then 

(I) There exists an orthogonal decomposition E = Eq ® Ei ® ■ ■ ■ ® E^ and the corresponding 
decomposition into the direct sum of ideals f) = {0} © [)i © [)2 © ■ ■ • © f)r such that i)i{Ej) = if 
i 7^ j, f)j C so{Ei), and \)i acts irreducibly on Ei. 

(II) We have a decomposition 

In particular, \)i is a weak-Berger algebra for i = 1, ...,k. 

Corollary 1 and theorem 4 reduce the classification problem for the weakly-irreducible, non- 
irreducible holonomy algebras of Lorentzian manifolds to the classification of irreducible weak- 
Berger algebras. 

In section 4 we will obtain the following theorem. 
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Theorem 5. Let dim V < 11, let q C so{V)kp be a weakly-irreducible subalgebra. Then q is 
a Berger algebra if and only if i)^ is the holonomy algebra of a Riemannian manifold. 

3 Proof of the results 

3.1 Proof of part (II) of theorem 3 

Let Ren{gl). Above we saw that R : T^A\^— >g2C\^A\^isa?7A ?7-symmetric hnear map. 
It is clear that VAV = EAE + pAE + qAE + RpAq. 
Lemma 1. R\{pAE+RpAq) = 0. 

Proof. By ((T)), we have rj{R{pAv)z, w) = ri{R{z Aw)p, v) for aU v,z,w E V. Since R{w Az) G 
f), we obtain R{w A z)p = and rj{R{p A v)z,w) = 0. Since rj is nondegenerate, we have 
R{p A v)z = 0. Thus, R{p Av) = 0. □ 

We see that i? is a hnear map from EAE + qAEto i) + p A E. 

Let r C A be one of the subspaces E A E, p A E, q A E and M.p A q. Denote by pr the 
projection of VAV onto T with respect to the decomposition VAV = EAE+pAE+qAE+MpAq. 

Denote by f}-*- the orthogonal complement of f) in EAE, f)-*- = G EAE : riAri{^, f)) = {0}}. 
Denote by p(, the projection of \^ A ^ onto f) with respect to the decomposition V A V = 
i) + i)-^ + p A E + q A E + Rp A q. 

We associate with R the following linear maps: 

^f, = Peae o R\eae ■■ E AE -^i), 

R% = PpAE o R\eae : E AE ^pAE, 

-Rf = Peae o R\qAE : q AE -^l), 

Re = PpAE o R\qAE -.pAE^qAE 

and extend these maps to A mapping the natural complement to zero. Then i? = + 
R^ + R^ + Re- 

Lemma 2. -R^|(,± =0; -R(,|f,x = 0. 

Proof. Let ^ G f)"*" and ^ G f). Since the linear map R is rj A r^-symmetric, we have rj A 
r]{R{9),O = V^viRiO,0). Rence, f] Ar]{R^{e) + Rl{e),0 = V ^viRi,iO + RUO,0). Since 
{pAE)± (EAE), 6'±i?(,(0, and G i), we ohtcim r] Ar]{Rt,{9),^) = 0. Since the restriction 

of the form 7] A rj to E A E is nondegenerate, we have Rtj{0) = 0. 

Similarly, suppose ^ e q A E; then R{^) = R^{^) + Re{0- Since {qAE)±{E A E) and the 
restriction of the form rjArj to pAE + qAE is nondegenerate, we see that Rl{e)=0. □ 

We define the linear maps Q : i) ^ E, T : E ^ E and P : E ^ hj conditions 

Rl{uAv) = -l/2{pAQ{uAv)), (3) 
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RE{qAu)=pAT{u) (4) 

and 

Piu) = R^iqAu) (5) 

for all u,v & E. 

Lemma 3. P* = Q,T* = T. 

Proof. By ((T)) we have rj{R{u A v)q,w) = rj{R{q A w)u,v) for all u,v,w G E. Hence, 
rj{R^{u A v)q, w) = ri{R^{q A w)u, v). Using Q and we get 

—l/2r]{p A Q{u A v))q, w) = rj{P{w)u, v). 

Hence, —l/2'q{Q{u Av),w) = rj{P{w)u,v). Identity ^ implies 

—rj{Q{u Av),w) = 7] A rj{P{w), u Av). 

We have proved the first part of the lemma. The second part follows from the equality 
rj{R{q A u)q, v) = rj{R{q A v)q, u) for all u,v E E. □ 

For the tensor R we must check the Bianchi identity R{u A v)w + R{v A w)u + R{w A u)v = 
for all u,v,w G V. It is sufficient to check the Bianchi identity only for the basis vectors. If two 
of the vectors u, v, w are equal or one of the vectors u, v, w equals p, the identity holds trivially. 
Thus it is sufficient to check the Bianchi identity in the two cases: u,v,w & E; u,v E E, w = q. 
We do this in the following lemma. 

Lemma 4. i?f, G 7^(P)), P G 

Proof. Let us write the Bianchi identity for u,v,w E E; R{uAv)w+R{vAw)u+R{wAu)v = 0. 
From the equalities like R{u Av) = R[^{u,v) + and it follows that Rtj{u A v)w + 

R^{v A w)u + R^{w A u)v - l/2{p A Q{u A v))w - l/2{p A Q{v A w))u - l/2{p A Q{w A u))v = 0. 
Since {p A Q{u A v))w = —rj{Q{u A v), w)p G Mp and -R(,(u A v)w G E, we obtain 

Rt,{u A v)w + Rt,{v A w)u + Rt,{w A u)v = (6) 

and 

ri{Q{u Av),w) + ■r]{Q{v Aw),u) + ri{Q{w Au),v) = 0. (7) 

Identity © shows that G 7^(f)). 

Now write the Bianchi identity for u,v & E and q; R{u A v)q + R{y A q)u + R{q A u)v = 0. 
Hence, R%{u A v)q + R^iy A q)u + R^{q A u)v = 0. Combining this with Q and (0), we obtain 
-l/2{pAQ{uAv))q-P{v)u + P{u)v = 0. Hence, l/2Q{uAv)q + P{v)u- P{u)v = 0. Combining 
this with ((7j) and using the fact that for z E E the endomorphism P{z) is r^-skew symmetric, 
we obtain 

ri{P{u)v, w) + ri{P{v)w, u) + ri{P{w)u, v) = for all u,v,w E E. (8) 
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Identity © implies P eV{i)). □ 

We put = R% + R^, R^ = Re. Then R^ G 7^(E,P)), R^ E n{p A E), and R = 
R^ + R^ + R^. We have proved that TZ{qI) C 7^(f)) © 7^(E, [)) © 7^(p A E). Now we check the 
inverse inclusion. 

Suppose T G S'^{E), i.e. T : E ^ E is a linear map such that T* = T. Put R^{q A u) = 
pAT{u), R^ipAq) = R^{pAu) = R^{uAv) = for all u,v e E. Then R^ G n{pAE) C 7^(g^). 

Let P G and i?^ G 7?.(-E', [)). We must check the Bianchi identity for the tensor R^. 

For u,v,w E E the identity follows from (jHJ. 

Suppose u,v e E; then A v)q + R^{v A q)u + R^{q A u)v = -l/2(p A P*{u A v))q - 

P{v)u + P{u)v = -1/2P*(m Av)~ P{v)u + P{u)v. 

Suppose w e E; then ■r]{-l/2P*{u A v) - P{v)u + P{u)v,w) = rj{-l/2P*{u A v),w) - 
ri{P{v)u,w)+r]{P{u)v,w) = -l/2T]{P*{uAv),w)+r]{P{v)w,u)+ri{P{u)v,w) = -1/2?7(P*(m A 
v),w) — rj{P{w)u, v) = —\/2{ri{P*{u Av),w)) + 1] A ri{P{w),u A f ) = 0. Above we used the fact 
that P{v) G [) C 5o{E), ((21) and ([T]). Since the restriction oir] to E is nondegenerate, we obtain 
R^{u A v)q + R^{v A q)u + R^{q A u)v = 0. 

Nowwehave7^([))©7^(E, ^))©7^(pA^) C 7^(g^). Thus, 7^(0^) = 7^(f)) ©7^(^, [)) ©7^(pAE). 

3.2 Proof of part (I) of theorem 3 

Let R G Tl{g\). Similarly to lemma 1, we can prove that R\p/\E = 0. Hence i? is a linear map 
from EAE + qAE + RpAqtoi)+pAE + RpAq. 

We can define the linear maps i?^, R^ and Re as in section 3.1. It is easily shown that 
the map R2 = Rt, + R% + R^ + i?^; is a curvature tensor of type the Lie algebra 02- 

We define the following linear maps: 





= PRpAq ° -R eA-B ■ 


E AE - 


^Rp Aq, 




= PBAB; ° -R RpAg • 


:Rp Aq - 


E AE, 


pR 

He 


= PpAE ° -R RpA<7 


■.RpAq- 


^pAE, 




= PRpAq ° -R gA£; 


■.qAE^ 


'Rp Aq, 


Rr 


= PRpAq ° -R kpAi} 


■.Rp Aq - 


-^Rp Aq 



and extend these maps to V A sending the natural complement to zero. 
We have R = R2 + RI + R^ + R^ + R^ + Rr 
Lemma 5. R^ = 0, Pj = 0. 

Proof. Let as write the Bianchi identity for vectors u,v E E and p; R{u A v)p + R{v,p)u + 
R{p A u)v = 0. Since R{v A p) = R{p A m) = and R{u A v)p = -R^(m A v)p, we see that 
rI{uAv) = 0. 
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Using ((H), we get rj{R{p A q)u, v) = rj{R{u A f )p, q) = 0. Since u and v are arbitrary and the 
restriction oi r] to E is not degenerate, we obtain = R{p A g)!^; = 0. □ 
Define the hnear maps L : E and K ■.'R —* E hj conditions 

R^{q A u) = L{u)p A q for aA\ue E, (9) 
R%{apAq)=pAK{a)foT allaeR. (10) 

Lemma 6. K = L*. 

The proof is similar to the proof of lemma 3. □ 

Let A be a real number such that R^{pAq) = XpAq. Put R^ = R^ + R^ and R'^ = R^. We 
see that R^ G 7^(E,M), R^ e 7^(M,M), and R = R2 + R^ + R^ G 7^(0^) © 7^(E, M) © 7^(M, M). 
Thus we have n{g\) C 7^(0^) © 7^(E,M) © 7^(M,M). The inverse inclusion is obvious. 

3.3 Proof of part (III) of theorem 3 

We have 02 C 03'^ C fli- Suppose R G 7^(03'"^), then we have R G 7^(0i)- From section 3.2 it 
follows that R = R2 + R^ + R^ + Rr, where R2 = R^ + R% + R^ + Re & T^{q\)- 

We claim that Rr = 0. Indeed, there exists a A G M such that Rr{p A g) = Ap A g; we have 
R(p Aq) = Rr{p Aq) + R^{p A q) = XpAq + A q). Since R^{p A q) epAEc. 0^'^ and 

A g n 0^''^ = {0}, we see that A = 0. 

For any u e E we have R{qAu) = R^{q Au) + R^lq Au) G [) + RpAq. Since R{qAu) G 03'^, 
we see that R^{qAu) = ip{R^{q Au))p Aq. Hence, R^ = pAqipoR^. Using (0) and Q, we get 
L{u) = (p{P{u)). Hence for any a G M we have L*{a) = P*{ip*{a)). Using this, (fTUI) and lemma 6, 
we obtain R^{apAq) = pAL*{a) = p A P* {(f* (a)) . Using Q, we obtain R^{apAq) = R\o{p*[a) 
for all a G M. 

Suppose u,v E E; then we have R{u Av) = Rt){u Av) + R^{u A f ) G 03'''. Hence, -R(,('U A f ) G 
kei ip. We see that i?f, G TZikenp). Put R^enp = -Rfj- 

Put R^ = R^ + R% + Rl + R% We see that i?^ G 7^(E, (),(/?). Thus, = i?ker^ + i?^ + i?E e 
7^(ker (^) © 7^(E, f), (^) © 7^(p A E). 

Conversely, let = i^ker^. + R^ + Re e 7^(kerv?) © Ti{E, [), © 7^(p A E). From section 
3.2 it follows that R G 7^(0i). Since for any u, f G ^ we have R{u A f ) G 03''', we see that 

Renieln- 

3.4 Proof of part (IV) of theorem 3 

By definition, 02 = f) + P A -Ei is a Lie algebra of type 2. We have 02 C 04^ C 02. Suppose that 
R e n{gl'^), then we have R G 7^(0^). From section 3.1 it follows that R = Ri, + R^ + rI + Re- 
There exists a P G 'P(f)) such that R^{qAu) = P{u) for all u E E. Let Ui,vi E Ei, uq E Eq. We 
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have r]{P{ui)vi, uo) + ri{P{vi)uo,ui) + r]{P{uo)ui,vi) = 0. Since f)(£'o) = {0} and t){Ei) C Ei, 
we see that r]{P{uo)ui,vi) = for all ui,vi e Ei, uq e Eq. Hence, P{Eq) = {0}, P*(f)) C Ei. 
We can write = Rf' and = i?^^. 
We consider the following linear maps: 

Rei = PpAEi o ReUaEi -.qAEi^pAEi, 

ReI = Pp^E^ ° ReUaEo ■■ q a Eq p a El, 
ReI = PpAEo ° ReIqaEi : qAEi^pAEo, 
Reo — PpAEo ° ReIqaEo q a Eq ^ p a Eq 
and extend these maps ioVAV mapping the complementary subspace to zero. Obviously, 

Re = Rei + Re" + Reo + ■ 

We claim that Req = 0. Indeed, for Uq E Eq we have R{q A Uq) = REiq, Uq) = R^[{q A Uq) + 
REoiqAuo) G 04^'^^; since i?f (gAwo) e pAEi C qI'^ , REoiqAuo) G pAEq, andpAEoHgl'^ = {0}, 
we obtain RE^iq A uq) = 0, hence, Req = 0. 

As in section 3.3, we can prove that R^, G 7?.(ker ■0), R^^ — p Aip o R^^, and R^^{q A Uq) — 
Rei ° '0*('^o) for all Uq e Eq. 

Put R^ = R^' + rI^ + ReI + ReI- Thus we have R = it^kerv- + R^ + Re, e 7^(kerV') 

7^(£;l,f),v)®7^(pA£;l). 

Conversely, let R = R^r^^^ + R^ + Re, G 7^(kerV')®7^(-Bl, f), V') ©"^^Ip A£;i). Prom section 3.1 
it follows that it! G TZiQ^)- Since for any u,v e V we have R{uAv) G 04, we see that R G '7?.(04). 
This concludes the proof of theorem 3. □ 

3.5 Proof of theorem 4 

(I) Suppose i) preserves a proper subspace Ei C E, then P) preserves the orthogonal complement 
E^ to El in ^. Put ^2 = E^. Wc have E = © E2, i){Ei) C ^i, and i){E2) C ^2- Put 
|)i = e I) : ^(£^2) = {0}} and f)2 = G J) : = {0}}. Obviously, l)i and J)2 are ideals in 

f) and n f)2 = {0}. 

Let P G P(^). Let lii,^;! G Ei, U2 G -B2- We have r]{P{ui)vi,U2) + r]{P{vi)u2,ui) + 
ri{P{u2)ui,Vi) = 0. Since l^(-E'i) C Ei and f)(-E'2) C £'2, we have ?7(P('U2)tii, ■f^i) = for all 
ui,vi G £1, ^2 G £2- We see that P(-Bi) C ^1 and P{E2) C ^2- Hence, L{V{\})) C f)i ® {)2. 
Combining this with the equality L{V{\\)) — 1^, we obtain f) = f)i ® f)2. 

(II) Let P G As above, we can prove that P{Ei) C ^1 and P{E2) C f)2. By definition, 

put Pi = P|b,, P2 = P\e^. It is clearly that Pi G 7'(f)i), P2 G V{\)2), and P = Pi + P2. 

Conversely, for any Pi G V{^i) and P2 G V{^2) we have P = Pi + P2 G V{^). 

The proof of the theorem follows easily by induction over the number of the summands. □ 
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3.6 Proof of corollaries 

Let i) C so{E) be a subalgebra and R G 7?.(f)). We claim that for any z E E the tensor P defined 
by P(-) = R{- Az) belongs to 'P(I)). Indeed, we have R{u Av)w + R{v Aw)u + R{w Au)v = for 
all u,v,w G E. Multiplying both sides innerly hj z E E, we obtain rj{R{u A v)w, z) + rj{R{v A 
w)u, z) + rj{R{w A u)v, z) = for all u, v,w,z & E. Using ((T]), we get rj{R{w A z)u, v) + rj{R{u A 
z)v, w) + rj{R{y A z)w, u) = 0. 

From theorem 3 and the claim it follows that for any weakly-irreducible algebra q we have 
p,„(s)(L(7^(g))) = L(P([)0)). 

Corollary 1 follows from the following obvious facts: L{TZ{p A E)) = pAE and L{TZ{W, M)) = 
Rp A q. 

Corollary 2 follows from corollary 1 and the above claim. □ 

4 Examples 

Above we have reduced the classification problem for Berger algebras of Lorentzian manifolds 
to the classification of irreducible weak-Berger algebras. 

Suppose we have the full list of irreducible weak-Berger algebras. Corollary 1 and theorem 
4 imply that the full list of Berger algebras of Lorentzian manifolds can be obtained in the 
following way. 

For each Euclidean space E we must consider all orthogonal decompositions E = Eq ® 
El ® ■ ■ ■ ® Er such that 2 < dim Ei < ■ ■ ■ < dim Er , and for each Euclidean space Ei all the 
irreducible weak-Berger algebras P)j C so{Ei). From theorem 4 it follows that the algebras 
f) = [)i © • ■ ■ © f)r exhaust all weak-Berger algebras. Corollary 1 implies that the Lie algebras 
Si) 02) Ss'^ 94'^^ (if 33'^ and ^4'^ exist) exhaust all Berger algebras. 

Below we list all the irreducible subalgebras f) C sOn for n < 9 and state the result of 
computing of the spaces for algebras that are not the holonomy algebras of Riemannian 
manifolds. 

Since P) C 5o{E), the Lie algebra f) is compact. Hence, f) = f|' ©3(f)), where f)' is a compact 
semisimple ideal, ^(P)) is an Abelian ideal. Since the subalgebra f) C 5o{E) is irreducible, by 
Schur lemma the center 3(f)) has dimension or 1. 

It is known that if a subalgebra f) C so{E) is irreducible, the subalgebra \)' C so{E) is 
irreducible too (see il5|). Let f) C so(-E') be a semisimple irreducible subalgebra. Denote by 
30o(£;)(f)) the centralizer of f) in so{E). If ])so(e){^) 7^ {0}, then for each one- dimensional subspace 
t C lso{E){^) the Lie algebra f) © t is a compact non-semisimple irreducible subalgebra of 5o{E). 
Hence it is sufficient to get the list of all semisimple irreducible subalgebras of so{E). 

The classification of irreducible representations of compact semisimple Lie algebras is well 
known, see for example JH]- Any irreducible real representation vr : \) ^ q[{E) oi a, real 
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semisimple Lie algebra f) can be obtained in the following way. 

Suppose we have a complex irreducible representation p : f — > qI{U) of a complex semisimple 
Lie algebra f. Let 1^ C f be a compact real form of f (f) is unique up to conjugation). 

There are the following three cases: 

1) The representation p is self-dual and orthogonal (i.e. p ~ p*, where p* : f — > qI{U*) is the 
dual representation for p and p admits an invariant not degenerate symmetric bilinear form) 

2) The representation p is self-dual and symplectic (i.e. p admits an invariant not degenerate 
skew symmetric bilinear form) 

3) The representation p is not self-dual. 

The first condition holds if and only if the representation p admits a real form J, i.e. J : 
[/—>[/ is a R-hnear map such that J{iu) — —iJ{u) for all u e U, J'^ — id, and Jp{C) = p{C)J 
for all { e f. In this case the real representation tt = p|(, in the realificated vector space 
preserves the space U"^ — {u e U : J{u) = u} and acts irreducibly on U"^ . We get an irreducible 
real representation tt : [) — * gl{U'^). 

In the cases 2) and 3) the real representation tt = p|(, : f) ^ sK^*) irreducible. In the 
case 2) we have 7r(f)) C sp„, in the case 3) we have 7r([)) C su„, where 2n = 4m = dime U. 

Let vr : {) — s> Qi{E) be an irreducible real representation of a compact Lie algebra in a real 
vector space E. Since \) is compact, we see that tt admits an invariant symmetric positively 
definite bilinear form. This form is unique up to non-zero real factor. The linear space E is an 
Euclidean space with respect to this form and we can write 7r([)) C 5o{E). 

Any irreducible complex representation of a complex semisimple Lie algebra f is uniquely 
defined (up to equivalence of representations) by its highest weight A. The highest weight A 
can be given by the labels Ai, A; on the Dynkin diagram of the Lie algebra f (/ = rk(f)). 
There exists a criteria for a complex representation to be orthogonal, symplectic or self-dual in 
terms of the highest weight. 

In the table 1 we fist all irreducible subalgebras 7r(f)) C so„ for n < 9. 

The second column of the table contains the irreducible holonomy algebras of Riemannian 
manifolds. The third column of the table contains algebras that are not the holonomy algebras 
of Riemannian manifolds. 

Let f) be a compact semisimple Lie algebra. We denote by : f) — > the real 

irreducible representation that is obtained as above from the complex representation pai,...,A; : 
f)(C) Q\-{U) with the highest weight A, here Ai, A; are the labels of A and K = R, C or 
H if the representation Pai,...,Ai is orthogonal, not self-dual or symplectic respectively. If the 
representation pAi,...,Ai is orthogonal, then n — dime C/, otherwise we have n — 2 dime C/. We 
denote by t the 1-dimensional Lie algebra R. 
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Table 1. Irreducible subalgebras of so 



n 


irreducible holonomy algebras of n-dimensional 
Riemannian manifolds 


other irreducible 
subalgebras of 50„ 


n = 1 






n = 2 






n = 3 


7rf(S03) 




n = 4 


7r^i(503 + SO3), 7rp(5U2), 7rp(su2) © t 




n = 5 


<o(505), <(503) 




n = 6 


TT^o.ol^Oe), 7ri^o(«^3), 7^1^0(5^3) © t 




n — 7 


<0,0(S07), <o(02) 


7r^(so3) 


n = 8 


7^^0,0,0 (sos), 7r^;o(5U4), 7ri^o(5U4) © t, 7riHo(5p2)> 

<0,1(5P2 ©SPl), <3(S''3 ©SO3), 7r«i(sU3) 


TT^ (5O3), 7rf^(S03) ©t 
<0(SP2) © t 


n = 9 


7r?0,0,o(^''9), ^12(803^503) 


<(503) 



Now we must verify the equahty L(P([))) = f) for algebras from the third column of the 
table. 

Let i) C so{E) be a subalgebra. We claim that L{V{i))) is an ideal in 1^. Indeed, let P e 7'(f)) 

and C ^ t); put P^iu) = o -P(^) + -P(^) ° + -P(^w) for all u E E. It can be easily checked 
that G P([)). We see that [P{u), ^] = P^{u) - P({m) for all m G P, ^ G f). 

Suppose [) C so(P) is an irreducible subalgebra. Wc have f) = f)' ©3(f)) and dim3([)) = or 
1. Since [)' is semisimple, we have i)' = i)i ® . . . (B i)r, where [)j C [)' are simple ideals. Any ideal 
f) C [) is a sum of some of the ideals . . . , f)^ and, may be, 3(f)). From the above claim and 
the obvious equality V{i)) = P(L(P([)))) it follows that L{V{i))) = f) if and only if P([)) ^ {0} 
and there is no proper ideal J) C f) such that V{i)) = P(f)). In particular, if i) is simple, then 
L(P([))) = [) if and only if P([)) ^ {0}. 

Let f) C so(P) be a subalgebra and iV = dimf). Denote by C^, ...,C^ a basis of the vector 
space f). Let P G Hom(P, [)) and Paj (a = l,...,N;i = l,...,n) be real numbers such that 
P{ei) = ^^^1 P,,iC° for i = 1, n. We have P G if and only if 

N 

y^S^ai^fk + Pocj^ki + PakCij) — 
a=l 

for all i, J, /c such that l<i<j<k<n ({C*fj is the matrix of the endomorphism C"). 

Thus the space can be found as the solution of the system of — l)(n — 2)/6 equations 
in nN unknowns. We used computer program Mathematica 4.1 to solve such systems for 
algebras from the third column of table 1. 

The result is 

V{nf{503)) = {0}, V{n^{s03)) = {0}, 7^(713^(503) © t) = {0}, dim(P(7r« (SP2) ® t)) = 40, 
V(7rf(s03)) = {0}. We also have dim(P(7rJ^o(5p2))) = 40. 
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Since P(7r^o(5p2)) = 'P{'^i^o{sp2) © t), we see that L(V{tt^q{sP2) © t)) = rr^o{sp2). Hence the 
algebra vr^o(-Sp2) © t is not a weak-Berger algebra. 

In table 2 we list all irreducible weak-Berger algebras f) C so„ {n < 9). This list coincides with 
the list of the irreducible holonomy algebras of Riemannian manifolds. We use the standard 
notation. In the table ® stands for the tensor product of representations; © stands for the 
highest irreducible component of the corresponding product. 



Table 2. Irreducible weak-Berger algebras 



n 


Irreducible weak-Berger subalgebras of so„ 


n=l 




n=2 


302 


n=3 




n=4 


SO4, SU2, U2 


n=5 


SO5, ©^SOs 


n=6 


306, SU3, U3 


n=7 


SO7, 02 


n=8 


SOs, SU4, U4, Sp2) •Sp2 © Spi, ©^SOa © SO3, ©2SU3 


n=9 


S09, S03 © S03 



Recall that the holonomy group of an indecomposable Lorentzian manifold can be not closed. 
In jlj it was shown that the connected Lie subgroups of SOi^n+i corresponding to Lie algebras 
of type 1 and 2 are closed; the connected Lie subgroup of SOi^n+i corresponding to a Lie algebra 
of type 3 (resp. 4) is closed if and only if the connected Lie subgroup of SOn corresponding 
to the subalgebra kenp C 3(f)) (resp. kerip C 3(f))) is closed. We give a criteria for Lie groups 
corresponding to Lie algebras of type 3 and 4 to be closed in terms of the Lie algebras keiip 
and kerip. 

Let f) C SOn be a weak-Berger algebra such that 3(P)) 7^ {0}. Denote by T the connected Lie 
subgroup of SOn corresponding to the Lie subalgebra 3(f)) C so„. Since () is a sum of irreducible 
weak-Berger algebras, we see that the Lie subgroup T is closed. Hence T is compact and T 
is isomorphic to the torus of dimension k = dim 3(f)). Thus, T = Si x ■ ■ ■ x Sk, where Si is a 
closed Lie subgroup of T isomorphic to the unit circle S^ {i = 1, ...,k). Denote hj ui, ...,Uk the 
tangent vectors to 5*1,..., 5^ respectively corresponding to a unit tangent vector at the unity 
element of the circle. The vectors Ui, ...,Uk form a basis of 3(f)). 

Let t C 3(f)) be a subalgebra and T C T the corresponding connected Lie subgroup. We 
claim that the subgroup T is closed if and only if there exists a basis vi, ...,vi (I = dim of the 
vector space t such that the coordinates of the vector Vi with respect to the basis Ui, ...,Uk are 
integer for all i = 1, /. 

For / = 1 this statement was proved in [T^ . 
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Let Z > 1. Suppose that there exists a basis of t as above. Denote by Si,..., Si the connected 
Lie subgroups of T corresponding to the subalgebras ]Rt>i, Mt;/ C 3(f)). The Lie subgroups 
Si,..., Si are closed. Hence the Lie groups Si,..., Si are compact and isomorphic to the unit circle. 
Denote these isomorphisms by /i,. ..,/;. Put = S*^ x ■ ■ ■ x S^. Define a map / : — > T by 
putting f{xi, ...,xi) = fi{xi) ■ ■ ■ fi{xi), where Xi G S^. We have /(T') = T, hence T is closed 
in T. The inverse statement is obvious. 
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